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coupled into the ground from a near-surface burst is a simplified air fireball model. One of the main limitations of the model currently in use is the assumption that the device output is a square wave in time; i. e., the device radiates at a constant rate for a finite period of time. Analytic modeling work in the coupling problem has indicated that the time dependence of the device output is an important parameter in determining the radiative energy coupled into the ground. This indication, together with the fact that a square wave is a poor representation of the output of a device, led us to reformulate the current air model for a more realistic device radiative yield. During the course of this reformulation, several other improvements were made to the earlier model.
The purpose of this report is to describe in some detail this reformulation of the air fireball model. As in the current model, this reformulation envisions the air "burning out" at a fixed temperature. That is, for air temperatures less than the burnout temperature, the air opacity is assumed very large, and for air temperatures greater thanthe burnout temperature the air opacity is assumed very small, mt^^v^mm-M^u^^m" • UM" »■ • '< Kmm»mmwßlMHMit'miKmmwnMifi^Mmm9mß) [ "n 1 -11 IMIII ■HIH.IWIl.UI.IIIM ummmmmmmum DNA3029T DATE: March, 1973 SAI-72-088-LJ
EARLY TIME AIR FIREBALL MODEL FOR A NEAR-SURFACE BURST Topical Report
This work was supported by The Defense Nuclear Agency under:
NWED Subtask SA001-36. An integral part of the ID-2D synthesis technique used to estimate the energy coupled into the ground from a near-surface burst is a simplified air fireball model. The current model used in ground coupling work was developed by Pyatt, et al. in 1969 . One of the main limitations of this model is the assumption that the device output is a square wave in time; i. e., the device radiates at a constant rate for a finite period of time. Analytic modeling work in the coupling problem has indicated .that the time dependence of the device output is an important parameter in determining the radiative energy coupled into the ground. This indication, together with the fact that a square wave is a poor representation of the output of a device, led us to reformulate the Pyatt air model for a more realistic device radiative yield. During the course of this reformulation, several other improvements were made to the earlier model.
The purpose of this report is to describe in some detail our reformulation of the air fireball model. We shall assume the reader is familiar with the Pyatt model in general terms. As in this early model, our reformulation envisions the air "burning out" at a fixed temperature. That is, for air temperatures less than the burnout temperature, the air opacuy is assumed very large, and for air temperatures greater than the burnout temperature the air opacity is assumed very small. 
Here N is a normalization constant such that
This function has the properties:
Rises like e a for small t ; b) Falls like e"^ for large t ; c) Has a single maximum at t = t ; 
BURNOUT IN INFINITE AIR
We assume that during the burnout phase of the fireball growth the air heats to a temperature T-, (the burnout temperature) and gets no hotter. We designate by Q the energy density required to heat the air to this temperature T R . At this temperature, we assume the air has a small residual opacity x . The fact that x ^ 0 means that a thermal radiation field will build up. Let R = R(t) by the fireball radius as a function of time. We perform an energy balance on an element dR , assuming the streaming (source) radiation is responsible for the air burnout at the edge of the fireball. where we have defined
The boundary condition on Eq. (4) is that the fireball has a zero initial radius, i. e., The solution of Eq. (7) is, making use of Eq.(16),
Here the new symbols introduced are E» , the thermal radiation density, p , the air density, and a , the radiation constant.
Finally, we consider the streaming radiation. Since at the burnout temperature T R the air opacity (x) is non-zero, the burned out air will radiate and attempt to cool. We assume the streaming radiation will be absorbed by the air as it radiates to maintain its temperature. We perform an energy balance at some radius r in the interior of the fireball.
Energy Balance for E^ In dr in time dt
■mmmmmmvmmim.-mjLumi^MmmmMJjmm'm'mm* Equation (9) gives the result d{^rEc) 9 dE a?-" 47rr ^ar (10) Now, to maintain the air at the burnout temperature, the rate of absorption of streaming energy must equal the net rate of emission of thermal energy.
Thus we have
and Eq. (10) becomes
The boundary condition on Eq. (12) is (12) 47Tr E s (r,t)c ^ Yf(t) .
Equation (13) is just the energy conservation condition for an arbitrarily small sphere surrounding the source.
We rewrite Eq. (12) as
where we have defined
Now, r in Eq. (14) is a path length variable and t is the associated time at which the radiation under consideration is at the path length position r .
Hence in Eq. (14) t 
It is E (R,t) that is denoted by simply E in Eq. (3). s s We summarize the three pertinent equations to be solved for the fireball radius, thermal radiation density, and streaming radiation density as a function of time. These are [see Eqs. (4), (8), and (20)]
where [see Eqs. (5) and (15)]
In genera), these equations must be solved numerically, with starting conditions
The numerical solution continues until
The physical meaning of Eq. (31) is that the streaming radiation is entirely absorbed before it reaches the edge of the fireball. The physical meaning of Eq. (32) is that the energy emitted by the source is just sufficient to maintain the air at a temperature T R together with the thermal radiation field which has built up. We shall discuss the finite difference analogue of Eqs. (21) through (23) in a later section in this report.
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A qaantity we shall find useful later on is the effective temperature 
BURNOUT IN THE PRESENCE OF A GROUND
We now modify the results of the last section to include the influence of the ground. The fireball will remain spherical until its radius equals h , the height of burst. At later times, we assume the fireball is a truncated sphere, truncated by the air-ground interface.
At such a time when R>h , we have the schematic . Let us compute the volume of various regions of this sphere. We have for all three regions the obvious result
The volume of regions A and B is given by
IHJ.,*-,!».,
The volume of region A alone is given by 
Now, we assume that the yield directed into segment B is not absorbed in the air, but is entirely absorbed in the ground and then entirely reradiated back into the fireball, all in zero time. This energy is then available to increase the size of the fireball in the air. Wo account for this by increasing the yield. We let 
with U and S still defined by Eqs. (24) and (25) and
"3 (44)
In writing Eq. (42) we have replaced JirR in Eq. (22) with V AB , the actual fireball volume. The burnout phase of the fireball growth is over when U s 47rR E c = 0 s
The significance of Eqs. (45) and (46) has been discussed previously. 
DIFFUSION PHASE OF THE FIREBALL GROWTH
Following the end of burnout, we assume that further fireball growth takes place by a diffusion process. At the end of burnout, the material and thermal radiation field are in general not in equilibrium, and we formulate the diffusion process to take this into account. We assume that the diffusion growth of the fireball is described by one dimensional spherical equation, but we shall account for the intersection of the fireball with the ground.
In spherical geometry, the energy conservation equation is
where c is the air heat capacity (assumed constant), F is the radiative flux, and Ö(r) is the Dirac delta function indicating the source of radiation is at the center of the sphere. To obtain diffusion theory, we assume the radiative flux is proportional to the gradient of the thermal radiation energy density; in particular we write
where X(T) is the air mean free path which, as indicated, depends upon temperature. We further assume that X(T) has a cubic temperature dependence, i. e., 
B where X , a constant, is the air mean free path at T R , the burnout temperature. Use of Eqs. (48) and (49) in Eq. (47) yields 
U^-U^
and use of Eq. (52) in Eq. (50) gives the diffusion equation
To proceed further, we form the first two spatial moments of
Eq. (53). Integration over all volume yields ^ Jdr4nr 2 (c v T + E T+ E s ) = Yf(t) o (54)
We now assume T, E T , and E to be space independent within the fireball and zero elsewhere. This gives
T ,3
We recognize W-TTR as the volume of a sphere, and interpret this volume as the fireball volume, V AB [see Eq. (44)].
Thus Eq. (55) becomes
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Equation (56) 
Equations (56) and (60) are the first two spatial moments of the diffusion equation.
The interaction between the material and radiation is handled by assuming T, E T , and E satisfy equilibration equations of the type 3 ■Ä (V An c,T) = pxc(^) V Aia (E rr+ E r ,-aT 4 ) , The sum of Eqs. (61) through (63) is just Eq. (56), the conservation equation. We consider Eqs. (60) through (63) as four equations for the four unknowns V AB E, and E . These equations are solved numerically, as we shall discuss in a later section of this report, with the starting conditions on the four dependent variables corresponding to the conditions at the end of burnout. As before, it will be useful to define an effective temperature for the thermal radiation field by the relationship
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FLUX IMPINGING UPON THE GROUND
Once the fireball behavior as a function of time has been determined, it is a simple task to compute the flux of energy impinging upon the ground at any radial distance r (r=0 lies directly under the device).
Define t* as the time when the fireball first touches the ground at r . For t < t* , the flux incident on the ground at position r is identically zero. The streaming radiation energy density at r for t > t* is given by the solution of the equation [see Eq. (20)
where R is the fireball radius at t=t* and given by R = Jr 2 + h 5 and S is given by [see Eq, (15)]
Then, the streaming flux per unit area perpendicular to the ground at point r is given by
In addition to this streaming flux, the fireball thermal radiation field leads to a flux in the amount
where a = ca/4 and T ff is the effective temperature of the fireball thermal radiation [see Eqs. (33) and (64)]. Thus the total flux F
impinging upon the ground as a function of time at some position r is given by cE h . index.
Equations (41) through (43) 
To finite difference Eqs" (60) through (63), we define 
E T,i+1
r+A^At).
Equations (83) and (89) through (91) are solved for the four unknowns V AB , T , E T , and E s .
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DIFFERENCES OF FIREBALL MODEL FROM EARLIER (PYATT) MODEL
We list here the major differences between the fireball model described in this report and the earlier one due to Pyatt, et al.
a)
The new model is formulated for arbitrary time dependence of the device output. A reasonable representation of this time dependence is given by Eq. (1).
b)
During burnout, the buildup of thermal radiation is calculated assuming the fireball to be optically thin [see Eq. (7)]. The earlier model used an optically thick equation.
c) The yield enhancement factor [see Eq. (40)] is more physically reasonable than that used in the Pyatt model.
d) The earlier model uses an arbitrary power law to describe the time dependence of the fireball temperature between the time the device ceases to radiate and the time burnout is over. No such arbitrary fit is used in the current model.
e) The earlier model assumed equilibrium between the matter and the thermal radiation field during the diffusion phase of the fireball growth. The present model makes no such assumption, but allows equilibration to take place simultaneously with the diffusion [see Eqs. (61) 
FINAL REMARKS
If the 1D-2D sj'nthesis technique is to be used for future energy coupling calculations, it would seem desirable to use the fireball model discussed in this report. The primary reason for this is that this model incorporates a more reasonable device output time dependence, and analytic calculations indicate that this time dependence can significantly affect the energy coupled.
We intend to couple this air fireball model with a diffusion treatment of radiative transfer in the ground, and use this model to perform parameter surveys in the energy coupling area. This will give us a capability of investigating very inexpensively the sensitivity of the energy coupled to such parameters as yield, height of burst, time dependence of the device output, and ground properties. In addition, we will be able to investigate certain aspects of the accuracy of the ID-2D synthesis technique, such as the importance of having a correct description of the air burnout, and the number of radial slices required in the ground for good accuracy. 
